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WEAKLY ALMOST PERIODIC FUNCTIONS AND FINITE VON
NEUMANN ALGEBRAS
PAUL JOLISSAINT
Abstract. Let M Ă BpHq be a von Neumann algebra acting on the Hilbert
space H. We prove that M is finite if and only if, for every x P M and
for all vectors ξ, η P H, the coefficient function u ÞÑ xuxu˚ξ|ηy is weakly
almost periodic on the topological group UM of unitaries in M (equipped
with the weak operator topology). If it is the case, there exists a conditional
expectation E : C˚pM,M 1q ÑM 1 such that the restriction of E toM coincides
with the canonical central trace on M . The existence of E is given by the
unique invariant mean on the C˚-algebra WAPpUM q of weakly almost periodic
functions on UM .
1. Introduction
The present work is inspired by the article [1] where P. de la Harpe proved that,
if M is a von Neumann algebra with separable predual, then it is Approximately
Finite Dimensional (AFD) if and only if there exists a left invariant mean on the
C˚-algebra Cb,rpUM q of right uniformly continuous functions on the unitary group
UM ofM ; in other words,M is AFD if and only if the Polish group UM is amenable.
In fact, he used the existence of a left invariant mean on Cb,rpUM q to show that M
has Schwartz’s property P [8, Definition 1], the latter being equivalent to injectivity
hence to Approximate Finite Dimensionality.
For every topological group G, there is a space of continuous functions (in fact
a C˚-algebra) on which a unique bi-invariant mean exists always: it is the set of
all weakly almost periodic functions on G. The aim of the present note is then to
exploit the existence of such a mean on the group UM . It turns out that it provides
a characterization of finite von Neumanna algebras.
In order to present the content of this article, let us recall some definitions and
fix notation.
First, let G be a topological group. We denote by CbpGq the C
˚-algebra of all
bounded, continuous, complex-valued functions on G equipped with the uniform
norm }f}8 :“ supsPG |fpsq|. For g P G and f : GÑ C, we denote by g ¨ f : GÑ C
(resp. f ¨ g) the left (resp. right) translate of f by g, i.e.
pg ¨ fqpsq “ fpg´1sq and pf ¨ gqpsq “ fpsgq
for all f : G Ñ C and g, s P G. The corresponding left (resp. right) orbit is
denoted by Gf (resp. fG). A function f P CbpGq is right uniformly continuous
1 if
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}g ¨ f ´ f}8 Ñ 0 as g Ñ 1. The subset of all right uniformly continuous functions
f P CbpGq is a sub-C
˚-algebra of CbpGq denoted by Cb,rpGq, and it contains all
right translates of all its elements.
A function f P Cb,rpGq is weakly almost periodic if its orbit Gf is weakly rela-
tively compact in Cb,rpGq, or equivalently in CbpGq. It follows from [5, Proposition
7] that Gf is weakly relatively compact if and only if fG is (see also Proposition 4.3
in the appendix). The set of all weakly almost periodic functions on G is denoted
by WAPpGq; it is a sub-C˚-algebra of Cb,rpGq, and its main feature, which will
play a central role here, is the existence of a unique left and right G-invariant mean
m on WAPpGq. One finds a proof of this result for instance in [4, Theorem 1.51]
for countable groups. Another proof for locally compact groups is contained in [6,
Chapter 2], but we feel these proofs a bit tortuous, so that we think that it is worth
presenting a self-contained proof for arbitrary topological groups which relies on
Ryll-Nardzewski Theorem in the appendix of the present note.
Next, let M Ă BpHq be a von Neumann algebra acting on the Hilbert space H.
Our references for von Neumann algebras are the monographies [2] and [9]. We
denote by UM the group of unitary elements of M . It is a topological group when
endowed with any of the following equivalent topologies on it: the weak, ultraweak,
strong and ultrastrong operator topologies.
For T P BpHq and ξ, η P H, we define the associated coefficient function ξ ˚T ˚ η
on UM as follows:
ξ ˚ T ˚ ηpuq :“ xuTu˚ξ|ηy
for every u P UM .
Here is our main result, whose proof is contained in §3.
Theorem 1.1. Let M Ă BpHq be a von Neumann algebra. Then it is finite if
and only if, for every x PM all its coefficient functions ξ ˚ x ˚ η are weakly almost
periodic. If it is the case, there exists a conditional expectation E : C˚pM,M 1q Ñ
M 1 whose restriction to M coincides with the canonical central trace on M .
The next section deals with an arbitrary von Neumann algebra M Ă BpHq;
we present a general study of the space wapHpMq of operators on H whose all
coefficient functions are weakly almost periodic with respect to M .
Theorem 1.2. The set wapHpMq is a closed, unital operator system which contains
the commutant M 1 of M and the ideal KpHq of compact operators, and it is an M 1-
bimodule. Moreover, there exists a linear, positive unital map E : wapHpMq Ñ M
1
such that:
(1) For all T P wapHpMq and x
1, y1 PM 1, one has Epx1Ty1q “ x1EpT qy1.
(2) For every T P wapHpMq and every v P UM , one has vTv
˚ P wapHpMq and
EpvTv˚q “ EpT q.
As will be seen in §2, the existence of E comes from the unique bi-invariant mean
m on WAPpUM q.
2. The operator system wapHpMq
Let H be a Hilbert space and let M Ă BpHq be a von Neumann algebra acting
on H.
Let T P BpHq and ξ, η P H. The left and right translates of ξ ˚T ˚ η by elements
of UM are determined in the following lemma.
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Lemma 2.1. Let T P BpHq and ξ, η P H and v P UM . Then we have the following
formulas:
(2.1) v ¨ pξ ˚ T ˚ ηq “ pvξq ˚ T ˚ pvηq
and
(2.2) pξ ˚ T ˚ ηq ¨ v “ ξ ˚ pvTv˚q ˚ η.
Proof. Let u P UM . Then
pv ¨ pξ ˚ T ˚ ηqqpuq “ pξ ˚ T ˚ ηqpv˚uq “ xv˚uTu˚vξ|ηy
“ xuTu˚vξ|vηy “ ppvξq ˚ T ˚ pvηqqpuq.
This proves (2.1). On the right side one has
ppξ ˚ T ˚ ηq ¨ vqpuq “ pξ ˚ T ˚ ηqpuvq “ xuvTv˚u˚ξ|ηy
“ pξ ˚ pvTv˚q ˚ ηqpuq.
This completes the proof of the lemma. 
Our next lemma is [1, Lemme 1], but we provide a proof for the sake of com-
pleteness.
Lemma 2.2. Let T P BpHq and ξ, η P H. Then ξ ˚ T ˚ η P Cb,rpUM q.
Proof. Let us set ϕ :“ ξ ˚ T ˚ η for short. Then one has, for every u P UM , by
equality (2.1):
|pv ¨ ϕqpuq ´ ϕpuq| “ |xuTu˚vξ|vηy ´ xuTu˚ξ|ηy|
ď |xuTu˚pvξ ´ ξq|vηy| ` |xuTu˚ξ|vη ´ ηy|
ď }T }}vξ ´ ξ}}η} ` }T }}ξ}}vη´ η}
hence
}v ¨ ϕ´ ϕ}8 ď }T }maxp}ξ}, }η}qp}vξ ´ ξ} ` }vη ´ η}q
which proves that }v ¨ ϕ´ ϕ}8 Ñ 0 as v Ñ 1 in the strong operator topology. 
Definition 2.3. A linear, bounded operator T P BpHq is weakly almost periodic
with respect to M if, for all ξ, η P H, the coefficient function ξ ˚ T ˚ η belongs to
WAPpUM q. The set of all weakly almost periodic operators with respect to M is
denoted by wapHpMq.
The existence of a unique invariant mean m on WAPpUM q implies the existence
of a positive, M 1-bimodular map E from wapHpMq onto M
1. More precisely, one
has the following result.
Theorem 2.4. The set wapHpMq is a closed subspace of BpHq which contains 1,
with the following additional properties:
(a) For every T P wapHpMq, its adjoint T
˚ also belongs to wapHpMq. In
particular, wapHpMq is an operator system in the sense of [7, Chapter 2],
and it is spanned by the subset of its positive elements.
(b) For every T P wapHpMq and for all x
1, y1 PM 1, one has x1Ty1 P wapHpMq.
In particular, M 1 Ă wapHpMq.
(c) The ideal KpHq of compact operators on H is contained in wapHpMq.
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Furthermore, there exists a linear, bounded, unital map E : wapHpMq Ñ BpHq
which is characterized by the equality
(2.3) xEpT qξ|ηy “ mpξ ˚ T ˚ ηq pξ, η P Hq,
and which possesses the following properties:
(1) E is a positive map.
(2) For every T P wapHpMq, one has EpT q PM
1.
(3) For every T P wapHpMq and all x
1, y1 PM 1, one has Epx1Ty1q “ x1EpT qy1.
(4) For every T P wapHpMq, EpT q P KT , where the latter denotes the weakly
closed convex hull of the orbit tuTu˚ : u P UMu.
(5) For every T P wapHpMq and every v P UM , the operator vTv
˚ belongs to
wapHpMq and EpvTv
˚q “ EpT q.
Proof. As WAPpUM q is a sub-C
˚-algebra of Cb,rpUM q, the set wapHpMq is a norm-
closed subspace of BpHq because, if }Tn ´ T } ÑnÑ8 0 then
}ξ ˚ Tn ˚ η ´ ξ ˚ T ˚ η}8 ď }Tn ´ T }}ξ}}η} ÑnÑ8 0.
(a) One has T ˚ P wapHpMq for every T P wapHpMq because ξ ˚ T
˚ ˚ η “ η ˚ T ˚ ξ
for all ξ, η.
(b) We observe first that M 1 Ă wapHpMq since the operator T P BpHq belongs
to M 1 if and only if all its coefficient functions ξ ˚ T ˚ η are constant functions
on UM . Moreover, wapHpMq is an M
1-bimodule. Indeed, one readily verifies that
ξ ˚ px1Ty1q ˚ η “ py1ξq ˚ T ˚ px1˚ηq for all ξ, η.
(c) As wapHpMq is a closed subspace of BpHq, in order to show that KpHq Ă
wapHpMq, it suffices to prove that wapHpMq contains all rank one operators. Thus,
let ζ, ω P H and let Tζ,ω be the rank one operator defined by
Tζ,ωpξq :“ xξ|ωyζ pξ P Hq.
Then we have for all ξ, η P H and u, v P UM :
v ¨ pξ ˚ Tζ,ω ˚ ηqpuq “ pξ ˚ Tζ,ω ˚ ηqpv
˚uq “ xv˚uTζ,ωpu
˚vξq|ηy
“ xv˚uxu˚vξ|ωyζ|ηy “ xu˚vξ|ωy xv˚uζ|ηy
“ xv˚uω|ξy xv˚uζ|ηy
“ v ¨ pϕω,ξϕζ,ηqpuq
where we set ϕξ,η : u ÞÑ xuξ|ηy for all ξ, η P H. As WAPpUM q is a ˚-algebra, in
order to show that the orbit UM pξ ˚Tζ,ω ˚ηq is relatively weakly compact, it suffices
to prove that, for all ξ, η P H, the orbit UMϕξ,η is relatively weakly compact. Thus,
let us fix ξ, η P H. One has for all u, v P UM :
pv ¨ ϕξ,ηqpuq “ xv
˚uξ|ηy “ xuξ|vηy “ ϕξ,vηpuq.
This implies in particular that ϕξ,η P Cb,rpUM q, as the proof of Lemma 2.2 shows.
As the orbit tvη : v P UMu is weakly relatively compact in H, it suffices to prove
that the map η ÞÑ ϕξ,η is continuous when H and Cb,rpUM q are equipped with
their respective weak topologies. Thus, let µ be a continuous linear functional on
Cb,rpUM q. The sesquilinear form pζ, ωq ÞÑ µpϕζ,ωq satisfies the following inequality:
|µpϕζ,ωq| ď }µ}}ζ}}ω}. Hence there exists a unique operator Tµ P BpHq such that
µpϕζ,ωq “ xTµζ|ωy for all ζ, ω P H.
Now, if pηnq Ă H converges weakly to η, we have
µpϕξ,ηnq “ xTµξ|ηny ÑnÑ8 xTµξ|ηy “ µpϕξ,ηq.
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This ends the proof of the fact that all rank one operators (hence all compact
operators) belong to wapHpMq.
Let us now prove the existence of the map E and all its stated properties. For
T P wapHpMq, the sesquilinear form pξ, ηq ÞÑ mpξ ˚ T ˚ ηq is continuous since one
has }ξ ˚ T ˚ η}8 ď }T }}ξ}}η}. Hence this proves the existence and uniqueness of
EpT q for every T P wapHpMq, as well as its linearity and boundedness.
(1) If T P wapHpMq is a positive operator and if ξ P H, then
ξ ˚ T ˚ ξpuq “ xuTu˚ξ|ξy “ xTu˚ξ|u˚ξy ě 0,
which implies that EpT q ě 0 since m is a positive functional.
(2) Let T P wapHpMq, v P UM and ξ, η P H. Then, using equality (2.1) and left
invariance of m, we get
xv˚EpT qvξ|ηy “ xEpT qvξ|vηy “ mppvξq ˚ T pvηqq
“ mpv ¨ pξ ˚ T ˚ ηqq “ mpξ ˚ T ˚ ηq
“ xEpT qξ|ηy,
which shows that v˚EpT qv “ EpT q for every v P UM , thus EpT q PM
1.
(3) Follows from the above mentioned equality ξ ˚ px1Ty1q ˚ η “ py1ξq ˚ T ˚ px1˚ηq
for all ξ, η.
(4) We could reproduce the proof of statement (iii) of [1, Lemme 2], but we present
a different proof, based on the following property of the mean m (property (d)
of Theorem 4.4): For every weakly almost periodic function f on UM , its mean
mpfq belongs to the norm-closed convex hull of its right orbit fUM . Thus, if
ξ1, . . . , ξn, η1, . . . , ηn P H and ε ą 0 are given, there exist s1, . . . , sm ą 0,
ř
i si “ 1,
and v1, . . . , vm P UM such that
(2.4)
›››m´ÿ
j
ξj ˚ T ˚ ηj
¯
´
ÿ
i
si
´ÿ
j
ξj ˚ T ˚ ηj
¯
¨ vi
›››
8
ď ε.
By equality (2.2), one hasÿ
i
si
´ÿ
j
ξj ˚ T ˚ ηj
¯
¨ vi “
ÿ
i
si
´ÿ
j
ξj ˚ pviTv
˚
i q ˚ ηj
¯
,
which yields, when evaluated at u “ 1,ÿ
i
si
´ÿ
j
ξj ˚ pviTv
˚
i q ˚ ηj
¯
p1q “
ÿ
i
si
´ÿ
j
xviTv
˚
i ξj |ηjy
¯
“
ÿ
j
x
´ÿ
i
siviTv
˚
i
¯
ξj |ηjy
As m
´ř
j ξj ˚ T ˚ ηj
¯
“
ř
jxEpT qξj |ηjy, we getˇˇˇˇ
ˇÿ
j
xEpT qξj |ηjy ´
ÿ
j
x
´ÿ
i
siviTv
˚
i
¯
ξj |ηjy
ˇˇˇˇ
ˇ ď ε
which proves the claim.
(5) For ξ, η P H, equality (2.2) shows that the right orbit pξ ˚ pvTv˚q ˚ ηqUM “
ppξ ˚ T ˚ ηq ¨ vqUM is weakly relatively compact, hence that vTv
˚ P wapHpMq. As
m is right invariant, we get
xEpvTv˚qξ|ηy “ mppξ ˚ T ˚ ηq ¨ vq “ mpξ ˚ T ˚ ηq “ xEpT qξ|ηy
which proves (5). 
6 PAUL JOLISSAINT
Remark 2.5. If M is such that wapHpMq “ BpHq, then M is Approximately
Finite Dimensional. Indeed, if it is the case, as in [1], the map E is a conditional
expectation from BpHq onto M 1, and M has Schwartz’s property P.
3. The case of finite von Neumann algebras
In this section, we consider a von Neumann algebraM Ă BpHq and we denote by
M˚ its predual. We denote by IntpMq the group of its inner automorphisms and, for
v P UM , we denote by Adpvq P IntpMq the automorphism given by Adpvqpxq “ vxv
˚
for every x PM .
Let also BpMq (resp. B˚pMq) denote the Banach space of all bounded (resp.
ultraweakly continuous) linear operators on M . The weak˚ topology on BpMq is
the σpBpMq,M bγM˚q-topology, where M bγM˚ is the projective tensor product
of M and M˚ (see [9, Chapter IV]). In fact, if pΦiq Ă BpMq is a bounded net, then
it converges weakly˚ to Φ P BpMq if and only if
ϕpΦipxqq “ xΦi, xb ϕy Ñ ϕpΦpxqq “ xΦ, xb ϕy
for all x PM and ϕ PM˚.
If M is finite, we denote by CtrM its canonical centre-valued trace. In this case,
it follows from (the proof of) [9, Theorem V.2.4] that the weak˚ closure of IntpMq in
BpMq is contained in B˚pMq. Thus, as IntpMq is bounded, it is relatively weakly
˚
compact in B˚pMq (see [9, Exercise 6, p. 333].)
This allows us to prove the following theorem.
Theorem 3.1. The von Neumann algebra M is finite if and only if M Ă wapHpMq.
In other words, M is finite if and only if, for every x P M , all its coefficient
functions ξ ˚ x ˚ η are weakly almost periodic. If it is the case, wapHpMq contains
C˚pM,M 1q, the C˚-algebra generated by M and M 1 in BpHq, and the restriction
of E to C˚pM,M 1q has the additional properties:
(i) The restriction of E to M coincides with the canonical centre-valued trace
CtrM .
(ii) E : C˚pM,M 1q Ñ M 1 is completely positive, and it is a conditional expec-
tation.
Proof. If M Ă wapHpMq, then the restriction of E to C
˚pM,M 1q satisfies condi-
tion (5) in Theorem 2.4, and this implies that Epxyq “ Epyxq for all x, y P M .
Furthermore, if x P M and u1 P UM 1 , one has by property (3) in Theorem 2.4:
u1˚Epxqu1 “ Epu1˚xu1q “ Epxq, which means that the restriction of E to M maps
M onto its centre ZM . Then [2, Corollary 3, Part III, Chapter 8] shows that M is
a finite von Neumann algebra.
Conversely, suppose that M is finite. Let x P M and ξ, η P H. We must prove
that the coefficient function ξ ˚ x ˚ η belongs to WAPpUM q. It follows from [5,
Proposition 7] or by Proposition 4.3 of the appendix that it suffices to prove that
the right orbit pξ ˚x˚ηqUM is relatively weakly compact in Cb,rpUM q. But we have,
by equation (2.2):
pξ ˚ x ˚ ηqUM “ tξ ˚ vxv
˚ ˚ η : v P UMu “ tξ ˚ θpxq ˚ η : θ P IntpMqu.
Thus, from Theorem 4.2, it suffices to prove that if puiq Ă UM and pθjq Ă IntpMq
are sequences such that the following double limits
ℓ1 :“ lim
i
plim
j
pξ ˚ θjpxq ˚ ηqpuiqq and ℓ2 :“ lim
j
plim
i
pξ ˚ θjpxq ˚ ηqpuiqq
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exist, then they are equal. Set ψi “ Adpuiq for every i. Then pξ ˚ θjpxq ˚ ηqpuiq “
xuiθjpxqu
˚
i ξ|ηy “ xψipθjpxqqξ|ηy for all i, j. Extracting subsequences if necessary,
we assume that pθjq converges weakly
˚ to some limit θ P IntpMq Ă B˚pMq, and
that pψiq converges weakly
˚ to some limit ψ P IntpMq Ă B˚pMq. Denoting by
ωξ,η PM˚ the normal linear functional ωξ,η : y ÞÑ xyξ|ηy, one has for every i on the
one hand, because ψi is a normal map,
lim
j
xψipθjpxqqξ|ηy “ xψipθpxqqξ|ηy “ xψi ˝ θ, xb ωξ,ηy “ xψi, θpxq b ωξ,ηy.
Hence ℓ1 “ limixψi, θpxq b ωξ,ηy “ xψ ˝ θpxqξ|ηy.
On the other hand, one has for every j
lim
i
xψipθjpxqqξ|ηy “ xψpθjpxqqξ|ηy.
As ψ is normal (that is where we use finiteness of M), we get
ℓ2 “ lim
j
xψpθjpxqqξ|ηy “ xψ ˝ θpxqξ|ηy “ ℓ1.
From now on, we assume that M is finite.
(i) For every x PM , the map E is constant on the convex hull of tuxu˚ : u P UMu,
hence, by its boudedness, it is constant on the norm closure K 1x of the latter. By [2,
Theorem 1, Part III, Chapter 5], EpCtrM pxqq “ Epxq, and as CtrM pxq P M XM
1,
we have Epxq “ CtrM pxq. This proves (i).
(ii) By [9, Corollary 3.4, Chapter V], it suffices to prove thatÿ
i,j
A
y1˚i Epx
˚
i xjqy
1
iξ|ξ
E
ě 0
for all x1, . . . , xn P C
˚pM,M 1q, all y11, . . . , y
1
n PM
1 and every ξ P H. We haveÿ
i,j
A
y1˚i Epx
˚
i xjqy
1
iξ|ξ
E
“
ÿ
i,j
A
Eprxiy
1
is
˚rxjy
1
jsqξ|ξ
E
“ m
´ÿ
i,j
ξ ˚ rpxiy
1
iq
˚pxjy
1
jqs ˚ ξ
¯
ě 0
because ˜ÿ
i,j
ξ ˚ rpxiy
1
iq
˚pxjy
1
jqs ˚ ξ
¸
puq ě 0
for every u P UM . Indeed, put
C “
¨˚
˚˝˚ x1y
1
1 0 . . . 0
x2y
1
2 0 . . . 0
...
...
xny
1
n 0 . . . 0
‹˛‹‹‚PMNpC˚pM,M 1qq.
Then
C˚C “
¨˚
˚˝˚
ř
i,jpxiy
1
iq
˚pxjy
1
jq 0 . . . 0
0 0 . . . 0
...
...
0 0 . . . 0
‹˛‹‹‚,
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and if
ζu “
¨˚
˚˝˚ u
˚ξ
0
...
0
‹˛‹‹‚,
we have ˜ÿ
i,j
ξ ˚ rpxiy
1
iq
˚pxjy
1
jqs ˚ ξ
¸
puq “ xC˚Cζu|ζuy ě 0
for every u P UM . 
4. Appendix: Weakly almost periodic functions on topological
groups
As promised in §1, the aim of this appendix is to give a proof of the existence of a
unique invariant mean on WAPpGq, where G is an arbitrary topological group. We
keep notation that were settled in §1, except that we denote by e the unit element
of G.
Let us remind first the following two theorems of A. Grothendieck. The first one
relies on Eberlein-Smulian theorem [4, Theorem A.12].
Theorem 4.1. ([5, The´ore`me 5]) Let Ω be a compact space and let A Ă CpΩq be a
bounded set. Then A is relatively weakly compact if and only if, for every sequence
pfnq Ă A, there exists a subsequence pfnkq and an element h P CpΩq such that
lim
k
fnkpωq “ hpωq
for every ω P Ω.
Proof. (Sketch) If a bounded sequence pfnq converges pointwise to the limit h, then,
by Lebesgue theorem,
ş
fndµ Ñ
ş
hdµ for every regular complex measure µ on Ω.
Compactness of Ω implies that every continuous linear functional on CpΩq is such a
measure, hence relative compactness in the pointwise convergence topology implies
relatively weak compactness. The converse is obvious, as every linear form of the
type f ÞÑ fpωq is weakly continuous. 
Using the Stone-Cech compactification of G, A. Grothendieck gets the following
theorem.
Theorem 4.2. ([5, The´ore`me 6]) Let G be an arbitrary topological group. Then a
bounded subset A of CbpGq is weakly relatively compact if and only if there do not
exist sequences pxiq Ă G and pfjq Ă A such that
lim
i
plim
j
fjpxiqq and lim
j
plim
i
fjpxiqq
both exist and are different.
Proposition 4.3. The set WAPpGq is a unital sub-C˚-algebra of Cb,rpGq which is
left- and right-invariant under translations of G. Moreover, for every f PWAPpGq,
the right orbit fG is relatively weakly compact in Cb,rpGq.
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Proof. It is clear that WAPpGq contains all constant functions, and that f¯ P
WAPpGq if f P WAPpGq. Moreover, for fixed g P G, the maps f ÞÑ g ¨ f and
f ÞÑ f ¨ g are clearly weakly continuous, hence g ¨f, f ¨ g PWAPpGq if f PWAPpGq.
In order to prove that WAPpGq is a C˚-algebra, we are going to apply Theorem
4.1. In order to do that, let Ω be the Gelfand spectrum of the unital C˚-algebra
Cb,rpGq. It is a compact space, and Gelfand transform f ÞÑ fˆ : χ ÞÑ χpfq is a
˚-isomorphism from Cb,rpGq onto CpΩq, and the weak topology on Cb,rpGq corre-
sponds to that on CpΩq. Furthermore, G acts continuously on Ω by g ¨ χpfq “
χpg´1 ¨ fq. Indeed, if χi Ñ χ and gj Ñ e, one has
|χpfq ´ χipg
´1
j ¨ fq| ď |χpfq ´ χipfq| ` |χipfq ´ χipg
´1
j ¨ fq|
ď |χpfq ´ χipfq| ` }f ´ g
´1
j ¨ f}8
“ |χpfq ´ χipfq| ` }gj ¨ f ´ f}8 Ñ 0
as i, j Ñ 8. Thus the image {WAPpGq of WAPpGq under Gelfand transform is
exactly the set of elements f P CpΩq for which Gf is relatively weakly compact.
Let f1, f2 be elements of {WAPpGq. We are going to prove that f1 ` f2 and
f1f2 belong to {WAPpGq. By Theorem 4.1, let pgnq Ă G. We have to show that it
contains a subsequence pgnkq and that there exist two functions h1, h2 P CpΩq such
that
lim
k
rf1 ` f2spg
´1
nk
ωq “ rh1 ` h2spωq and lim
k
f1f2pg
´1
nk
ωq “ h1h2pωq
for every ω P Ω. Extracting successively a subsequence for f1 and then a subse-
quence from the latter for f2, there exist h1, h2 P CpΩq and pgnkq Ă pgnq such
that
lim
kÑ8
pgnk ¨ fjqpωq “ hjpωq
for every ω P Ω and for j “ 1, 2. Hence,
lim
kÑ8
pgnk ¨ rf1 ` f2sqpωq “ h1pωq ` h2pωq
for every ω P Ω, and Gpf1 ` f2q relatively weakly compact. The same argument
holds for f1f2, and thus WAPpGq is a sub-˚-algebra of Cb,rpGq.
Let us prove next that WAPpGq closed in Cb,rpGq or, what amounts to be the
same, that {WAPpGq is closed in CpΩq: let pfnqně1 Ă {WAPpGq be a sequence which
converges to f P CpΩq. Let us show that Gf is relatively weakly compact. In order
to do that, let pgkqkě1 Ă G be a sequence. We are going to prove that there exists a
subsequence pgkj qjě1 Ă pgkq and an element h P CpΩq such that gkj ¨ fpωq Ñ hpωq
for every ω P Ω. By the standard diagonal process, there exist a subsequence
pgkj q Ă pgkq and a sequence phℓqℓě1 Ă CpΩq such that
lim
jÑ8
gkj ¨ fℓpωq “ hℓpωq
for every ω P Ω and every ℓ ě 1. Let us prove that phℓq is a Cauchy sequence in
CpΩq. Let m, ℓ ą 0; for every ω P Ω, one has
|hℓpωq ´ hmpωq| ď |hℓpωq ´ fℓpg
´1
kj
ωq| ` |fℓpg
´1
kj
ωq ´ fmpg
´1
kj
ωq|
` |fmpg
´1
kj
ωq ´ hmpωq|
ď |hℓpωq ´ fℓpg
´1
kj
ωq| ` }fℓ ´ fm}8 ` |fmpg
´1
kj
ωq ´ hmpωq|
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for every j. At the limit j Ñ8, this gives
|hℓpωq ´ hmpωq| ď }fℓ ´ fm}8
and then phℓq converges in norm to a limit denoted by h P CpΩq. Let us fix ω P Ω
and show that gkj ¨ fpωq ÑjÑ8 hpωq. Let ε ą 0. There exists ℓ such that
}f ´ fℓ}8 ` }h´ hℓ}8 ď
2ε
3
.
Next, there exists J such that, for every j ě J , one has
|gkj ¨ fℓpωq ´ hℓpωq| ď
ε
3
.
Hence,
|gkj ¨ fpωq ´ hpωq| ď }f ´ fℓ}8 ` |gkj ¨ fℓpωq ´ hℓpωq| ` }hℓ ´ h}8 ď ε
for every j ě J . This proves that f P {WAPpGq, which is then closed.
Finally, let f PWAPpGq. If the right orbit fG was not relatively weakly compact,
by Theorem 4.2, there would exist two sequences pxiq, pgjq Ă G such that the two
limits
lim
i
plim
j
f ¨ gjpxiqq et lim
j
plim
i
f ¨ gjpxiqq
exist and are different. But as f ¨ gjpxiq “ fpxigjq “ x
´1
i ¨ fpgjq for all i, j, this
would contradict the fact that Gf is relatively weakly compact, again by Theorem
4.2. 
Here is now the promised theorem on the existence of the unique bi-invariant
mean on WAPpGq.
Theorem 4.4. There exists a unique linear functional m : WAPpGq Ñ C with the
following properties:
(a) mpfq ě 0 for every f ě 0;
(b) mp1q “ 1;
(c) mpg ¨ fq “ mpf ¨ gq “ mpfq for all f PWAPpGq and g P G;
(d) for every f P WAPpGq and every ε ą 0, there exists a convex combination
ψ :“
řm
j“1 tjgj ¨ f (with gj P G and tj ě 0,
ř
j tj “ 1) such that
}ψ ´mpfq}8 ă ε,
and there exists a convex combination ϕ :“
ř
i sif ¨ hi such that
}ϕ´mpfq}8 ă ε.
Proof. For f PWAPpGq, let us denote by Qlpfq “ copGfq the norm closed convex
hull of Gf and similarly Qrpfq “ copfGq. The group G acts by left translations on
Qlpfq by affine transformations that are weakly continuous since, for every fixed g,
the map f ÞÑ g ¨f is linear and isometric. Moreover, if ψ1, ψ2 P Qlpfq are such that
ψ1 ­“ ψ2, then
}g ¨ ψ1 ´ g ¨ ψ2}8 “ }ψ1 ´ ψ2}8 ą 0
and thus 0 R tg ¨ ψ1 ´ g ¨ ψ2 : g P Gu
}¨}8
and the action of G on Qlpfq is distal. By
Ryll-Nardzewski Theorem, there exists clpfq P Qlpfq such that g ¨ clpfq “ clpfq for
every g P G. This means that clpfq is constant.
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Similarly, G acts on the right on Qrpfq, and by the same arguments, Qrpfq
contains a constant crpfq. It will be proved that both Qlpfq and Qrpfq contain the
same and unique constant.
If a linear form m : WAPpGq Ñ C satisfies (a) and (b) and if mpg ¨ fq “ mpfq
for all f P WAPpGq and g P G, then m is constant on Qlpfq and we infer that
mpfq “ clpfq. If m
1 is another left-invariant mean, one has necessarily m1pfq “ mpfq
by the above remarks. This proves uniqueness of m. Furthermore, the fact that
mpfq belongs to Qlpfq XQrpfq implies (d) and then the right invariance of m.
It remains to prove the existence of a left G-invariant mean on WAPpGq.
Let us prove first that for f PWAPpGq, the sets Qlpfq and Qrpfq contain the same
unique constant.
Indeed, let a P Qlpfq and b P Qrpfq be constants, which exist by the previous
discussion. If ε ą 0 is fixed, there exist s1, . . . , sm ą 0, t1, . . . , tn ą 0 such thatř
i si “
ř
j tj “ 1 and g1, . . . , gm, h1, . . . , hn P G such thatˇˇˇˇ
ˇÿ
i
sifpg
´1
i gq ´ a
ˇˇˇˇ
ˇ ă ε2 et
ˇˇˇˇ
ˇÿ
j
tjfpghjq ´ b
ˇˇˇˇ
ˇ ă ε2
for every g P G. One has:
|a´ b| “
ˇˇˇˇ
ˇÿ
j
tja´
ÿ
i
sib
ˇˇˇˇ
ˇ
ď
ˇˇˇˇ
ˇÿ
j
tj
˜
a´
ÿ
i
sifpg
´1
i hj
¸ˇˇˇˇ
ˇ`
ˇˇˇˇ
ˇÿ
i
si
˜ÿ
j
tjfpg
´1
i hjq ´ b
¸ˇˇˇˇ
ˇ
ď
ÿ
j
tj max
j
ˇˇˇˇ
ˇa´ÿ
i
sifpg
´1
i hjq
ˇˇˇˇ
ˇ`ÿ
i
simax
i
ˇˇˇˇ
ˇÿ
j
tjfpg
´1
i hjq ´ b
ˇˇˇˇ
ˇ ă ε.
We define then mpfq as the unique constant in Qlpfq XQrpfq. Properties (a), (b),
(c) and (d) are obvious, as well as the fact that mpαfq “ αmpfq for all α P C and
f PWAPpGq. We are left to prove that, for f1, f2 PWAPpGq, one has mpf1`f2q “
mpf1q ` mpf2q. Let us fix ε ą 0. There exist s1, . . . , sm ą 0 such that
ř
i si “ 1,
and g1, . . . , gm P G such that›››ÿ
i
sigi ¨ f1 ´mpf1q
›››
8
ď
ε
2
.
for every g P G. But mpf2q “ m
´ř
i sigi ¨ f2
¯
. Indeed,
ř
i sigi ¨ f2 P Qlpf2q, and as
the latter set is convex, we have
Ql
´ÿ
i
sigi ¨ f2
¯
Ă Qlpf2q.
Hence the constant in the left-hand convex set is equal to the one in Qlpf2q. Thus
there exist t1, . . . , tn ą 0 such that
ř
j tj “ 1, and h1, . . . , hn P G such that›››mpf2q ´ÿ
i,j
sitjphjgiq ¨ f2
›››
8
“
›››m´ÿ
i
sigi ¨ f2
¯
´
ÿ
j
tjhj ¨
´ÿ
i
sigi ¨ f2
¯›››
8
ď
ε
2
.
As
ř
i,j sitj “ 1, one hasÿ
i,j
sitjphjgiq ¨ rf1 ` f2s P Qlpf1 ` f2q
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and ›››ÿ
i,j
sitjphjgiq ¨ rf1 ` f2s ´mpf1q ´mpf2q
›››
8
ď
›››ÿ
i,j
sitjphjgiq ¨ f1 ´mpf1q
›››
8
`
›››ÿ
i,j
sitjphjgiq ¨ f2 ´mpf2q
›››
8
ď
ÿ
j
tj
›››ÿ
i
sihj ¨ gi ¨ f1 ´mpf1q
›››
8
`
ε
2
“
ÿ
j
tj
›››hj ¨ ´ÿ
i
sigi ¨ f1 ´mpf1q
¯›››
8
`
ε
2
ď ε.
This shows that mpf1q `mpf2q P Qlpf1 ` f2q. The proof is now complete. 
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